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We consider a system of classical Heisenberg spins on a cubic lattice in dimensions three or more,
interacting via the dipole-dipole interaction. We prove that at low enough temperature the system
displays orientational long range order, as expected by spin wave theory. The proof is based on
reflection positivity methods. In particular, we demonstrate a previously unproven conjecture on
the dispersion relation of the spin waves, first proposed by Fro¨hlich and Spencer, which allows
one to apply infrared bounds for estimating the long distance behavior of the spin-spin correlation
functions.
I. INTRODUCTION
Recent advances in film growth techniques, in the control of spin-spin interactions and in the
ability to characterize magnetic materials have revived interest in the low temperature physics
of magnetic systems. Both experimental and theoretical studies have revealed several unusual
properties of magnetic films, such as spontaneous formation of striped patterns, reorientation
transitions (in temperature and in the sample thickness), increase of the static magnetization
with increasing temperature, just to mention a few [7]. It is believed that an essential role in
determining the nature and morphology of the ordered state is played by the dipolar interac-
tion. Unfortunately, its long-range nature and its anisotropic character make many standard
theoretical methods and numerical algorithms inapplicable. It is therefore not surprising that,
for instance, existence of long range order in 2D continuous spin systems interacting via a pure
dipole-dipole interaction at low temperatures is still a matter of discussion, even at a heuristic
level. In fact, the case of 2D lattice dipoles is a paradigmatic example of a system where the
Mermin-Wagner theorem cannot be applied, spin-wave theory does not provide any resolutive
answer and numerical simulations are difficult because of the slow relaxation dynamics associ-
ated with the long-range nature of the interaction. New and more sophisticated methods, such
as renormalized spin wave theory [5, 6] or block spin reflection positivity [13], are required to
deal with this class of systems.
At a rigorous level, even widely accepted results, such as the existence of long range orienta-
tional order in three dimensional lattice dipole systems or the existence of the infinite volume
Gibbs state for any given domain shape are yet to be fully proved. Many fundamental contri-
butions to the rigorous theory of lattice dipole systems (and more generally of dipole gases on
the lattice or in the continuum) date back to the 80’s. The use of several different techniques,
such as reflection positivity, correlation inequalities, cluster expansion, renormalization group,
allowed people to rigorously prove, e.g., no-screening theorems at any activity and temperature
[10, 15], analyticity of the pressure at small activities [1, 2, 4, 12], existence of a scaling limit
(Gaussian free field) for lattice dipoles at small activities [14] and the existence of the thermo-
dynamic limit in the continuum in three or more dimensions [9], see [3] for a comprehensive
review of these results. In a seminal paper, Fro¨hlich and Spencer [10], among several other
results, proved existence of long range order for a system of discrete lattice dipoles in two or
more dimensions. They also described a proof for the physically relevant case of continuous
dipoles on the cubic lattice in three or more dimensions. However, in the case of infinite-range
interaction, they could not give a complete proof, and their argument was based on an unproven
conjecture on the dispersion relation of the spin waves. In this paper we will give a complete
proof of long range order for classical dipoles on a cubic lattice in three or more dimensions,
proving in particular the aforementioned Fro¨hlich-Spencer conjecture. The proof is based on
reflection positivity and it extends ideas proposed in [10].
2II. MAIN RESULTS
Let Λ be a periodic box in Z
d
, viewed as the restriction of a periodic box in R
d
to Z
d
. We
assume that Λ is of side 2L, with L even, and we write: Λ = [−L+1, . . . , L]d. We consider the
following Hamiltonian:
HΛ =
d∑
i,j=1
∑
x,y∈Λ
SixWij(x− y)Sjy (2.1)
where ~Sx is a unit vector and {Six}i=1,...,d are its components. Moreover, denoting the Yukawa
potential by
Yε(x) =
∫
dk
(2π)d
eikx
k2 + ε2
, (2.2)
the interaction matrix W (x) is defined as:
Wij(x) =
∑
n∈Zd
(−∂i∂j)YεΛ(x+ 2nL) , x 6= 0 (2.3)
and Wij(0) =
∑
n 6=0(−∂i∂j)YεΛ(2nL). The parameter εΛ is an infrared regulator that is sent
to zero in the thermodynamic limit, i.e., lim|Λ|→∞ εΛ = 0.
For any fixed Λ and β > 0, let us denote by 〈·〉β,Λ the Gibbs expectation given by the
probability measure Z−1β,Λ
∏
x∈Λ dµ(
~Sx)e
−βHΛ , with dµ(~S) the uniform measure on the unit
sphere and Zβ,Λ the obvious normalization factor. For any x ∈ Λ, given the unit vector ~Sx, we
define:
σix = (−1)x+xiSix (2.4)
and denote by ~σx the unit vector with components σ
i
x. Our main result is the following.
Theorem 1 (Existence of orientational Long Range Order). If d ≥ 3, there
exists βd > 0 such that, if β > βd, in the thermodynamic limit,
lim
|Λ|→∞
1
|Λ|2
∑
x,y∈Λ
〈~σx · ~σy〉β,Λ ≥ cd(β) > 0 , (2.5)
with cd(β) a suitable positive function, vanishing at β = βd.
Using the methods of [9], it can be proved that the state 〈·〉β,Λ admits a thermody-
namic limit, which we will denote by 〈·〉β . The theorem above implies that, for β > βd, the
infinite volume Gibbs state 〈·〉β is not an extremal Gibbs state. From the assumed symmetry
of 〈·〉β,Λ under exchanges of the coordinate axes, and by the general theory of decomposition
into extremal states, it follows that 〈·〉β is a mixture of at least 2d extremal Gibbs states (pure
phases), 〈·〉(λ)β , which break rotational invariance and are characterized by
〈Six〉
(λ)
β = (−1)x+xiviλ , (2.6)
where {~vλ : λ = 1, . . . , 2d, . . .} are vectors obtained from some vector ~v0 ∈ Rd by applying
arbitrary rotations around the origin which leave the unit cube centered at the origin invariant.
The rest of the paper will be devoted to the proof of Theorem 1. As mentioned in the
introduction, we will follow the same strategy proposed by Fro¨hlich and Spencer in [10] and we
will extend their reflection positivity method to prove, in particular, their Conjecture 7.9 [10].
In order to present a self-contained proof, we shall reproduce below some of the statements
already proved in [10], including a construction of the ground states of (2.1).
3III. PROOF OF THEOREM 1
A. Reflection Positivity.
Let us recall the notion of reflection positivity, adapted to the present case. If ~S is a unit
vector, define (
Ri~S
)j
= (−1)1−δi,jSj . (3.7)
Let πi be a pair of planes perpendicular to the i–th direction, midway in between two lattice
planes and bisecting Λ into two pieces Λ+ and Λ− of equal size. Let ri denote reflection of sites
with respect to πi. Clearly riΛ− = Λ+. We define
(θi~S)x = Ri~Srix (3.8)
Let S± = {~Sx}x∈Λ± . If A is a function of S+ we set
(θiA)(S−) = A({(θi ~S)x}x∈Λ−) (3.9)
We shall say that the expectation 〈·〉β,Λ is reflection positive (RP) iff, for an arbitrary function
A of S+
〈θiA(S−)A(S+)〉β,Λ ≥ 0 (3.10)
for i = 1, . . . , d. As discussed in [8] and in [10], a sufficient condition for (3.10) to hold is the
following. Let ~ρ : Rd → Rd be an arbitrary Rd valued function of Rd. Assume that
−
d∑
l,m=1
∫
xi>0
yi<0
ρl(x)(θiρ)
m(y)(−∂l∂m)YεΛ(x− y) ≥ 0 (3.11)
for all ~ρ(x) and i = 1, . . . , d. Then 〈·〉β,Λ is RP.
In our context the proof of (3.11) proceeds as follows. For definiteness, let us assume that
i = 1. Let x1 > 0 and let us rewrite
YεΛ(x) =
∫
dk
(2π)d
eikx
k2 + ε2Λ
=
1
2(2π)d−1
∫
dk⊥√
k2⊥ + ε
2
Λ
eik⊥·x⊥e−|x1|
√
k2
⊥
+ε2
Λ (3.12)
where in the last expression k⊥ = (k2, . . . , kd) and similarly for x⊥. If x1 > y1, given any two
functions ρ1(x), ρ2(x):
d∑
l,m=1
ρl1(x)ρ
m
2 (y)∂l∂mYεΛ(x− y) =
1
2(2π)d−1
∫
dk⊥√
k2⊥ + ε
2
Λ
eik⊥·(x⊥−y⊥)e−(x1−y1)
√
k2
⊥
+ε2
Λ ·
·
(
ρ11(x)
√
k2⊥ + ε
2
Λ − ik⊥̺⊥1 (x)
)(
ρ12(y)
√
k2⊥ + ε
2
Λ − ik⊥̺⊥2 (y)
)
(3.13)
where ̺⊥1 = (ρ
2
1, . . . , ρ
d
1) and ̺
⊥
2 = (ρ
2
2, . . . , ρ
d
2).
Using this expression we find that, if i = 1, (3.11) can be rewritten as
1
2(2π)d−1
∫
x1>0
dx
∫
y1>0
dy
∫
dk⊥√
k2⊥ + ε
2
Λ
eik⊥·(x⊥−y⊥)e−(x1+y1)
√
k2
⊥
+ε2
Λ ·
·
(
ρ1(x)
√
k2⊥ + ε
2
Λ − ik⊥̺⊥(x)
)(
ρ1(y)
√
k2⊥ + ε
2
Λ + ik⊥̺
⊥(y)
)
(3.14)
that is clearly non-negative. Let us remark that condition (3.11) is equivalent to the statement
that HΛ = HΛ(S−,S+) can be rewritten in the following form [8]:
HΛ(S−,S+) = H+(S+) + θiH+(S−)−
∫
dρ(q) θiCq(S−)Cq(S+) , (3.15)
4for a suitable positive measure dρ. In our case,
H+(S+) =
d∑
i,j=1
∑
x,y∈Λ+
SixWij(x− y)Sjy . (3.16)
Moreover, if i = 1 and Λ+ = [1, . . . , L]× [−L + 1, . . . , L]d−1, q is a (d − 1)-dimensional vector
and, defining S⊥x = (S
2
x, . . . , S
d
x),
Cq(S+) =
∑
x∈Λ−
[
S1x
√
q2 + ε2Λ − iq · S⊥x
]
eiq·x⊥e−x1
√
q2+ε2
Λ
dρ(q) =
dq
2(2π)d−1
e−
√
q2+ε2
Λ√
q2 + ε2Λ
. (3.17)
If i > 1 and/or Λ+ is different from [1, . . . , L] × [−L + 1, . . . , L]d−1, analogous expressions for
Cq and dρ(q) will be valid.
B. Ground states.
Let us now show how reflection positivity allows us to construct the ground states of (2.1).
The key remark is that the positive measure dρ(q) in (3.15) induces the definition of a scalar
product between spin configurations in Λ+. In particular, combining the Cauchy-Schwarz
inequality and the inequality of arithmetic and geometric means, we find that∫
dρ(q) θiCq(S−)Cq(S+) ≤
≤
[ ∫
dρ(q) θiCq(θiS+)Cq(S+)
]1/2
·
[ ∫
dρ(q) θiCq(S−)Cq(θiS−)
]1/2
≤
∫
dρ(q) θiCq(θiS+)Cq(S+) +
∫
dρ(q) θiCq(S−)Cq(θiS−) . (3.18)
If we insert this estimate in (3.15), we find that
HΛ(S−,S+) ≥ 1
2
HΛ(θiS+,S+) + 1
2
HΛ(S−, θiS−) , (3.19)
that is, either {θiS+,S+} or {S−, θiS−} has lower energy than {S−,S+}. If we keep re-
flecting in different planes, using the chessboard estimate (see Theorem 4.1 in [8]), we find
that the energy HΛ(S) of a generic configuration of spins S = {~Sx}x∈Λ is bounded be-
low by |Λ|−1∑x0∈ΛHΛ(Sx0), where the spin at x in the configuration Sx0 is given by
(−1)x(−1)xiSix0 , i = 1, . . . , d. We now show that HΛ(Sx0) is independent of ~Sx0 . Note that
this is not apriori obvious, since the Hamiltonian is not invariant under global rotations. Let
~Sx0 = (sin θ cosφ, sin θ sinϕ, cos θ). Then
HΛ(Sx0) = −
∑
x∈Λ
y∈Zd\x
(−1)x−y
{
d∑
i=1
(−1)xi−yi(Six0)2∂2i YεΛ(x − y)+ (3.20)
+
d∑
i6=j=1
(−1)xi(−1)yjSix0Sjx0∂i∂jYεΛ(x− y)


In (3.14) the summations over x and x − y factor, both for the term in the first line and for
the one in the second line. In particular the term in the second line is zero after summation.
So we are left with
HΛ(Sx0) = e0|Λ| , e0 =
∑
x 6=0
(−1)x+x1(−∂21)YεΛ(x) (3.21)
where we used that
∑
i(S
i
x0
)2 = 1 and the rotation symmetry of YεΛ(x).
5C. Infrared bounds.
In this section we will extend the ideas used above to construct the ground states, and we
will derive lower bounds on the Fourier transform of 〈~σx · ~σy〉β,Λ (also known as infrared bounds
[11]). This will conclude the proof of Theorem 1. The main ingredients that we will need are
Gaussian domination [11] and a refinement of the estimates on the dispersion relation of the
spin waves, including a proof of Conjecture 7.9 in [10].
As a first step we map the spin system in (2.1) onto a ferromagnetic spin system via the
mapping ~Sx←→~σx defined by (2.4). In terms of the ~σ’s, the Hamiltonian can be rewritten as
H ′Λ =
d∑
i,j=1
∑
x,y∈Λ
σixW
′
ij(x,y)σ
j
y (3.22)
withW ′ij(x,y) = (−1)x−y(−1)xi+yjWij(x−y). Note thatW ′(x,y) is not translation invariant.
The discussion above shows that the ground states of H ′Λ are spin configurations with spins all
pointing in the same direction in space. Moreover H ′Λ is reflection positive with respect to the
ferromagnetic reflection (θ′i~σ)x = ~σrix. We rewrite H
′
Λ in the form
H ′Λ = −
1
2
d∑
i,j=1
∑
x,y∈Λ
(σix − σiy)W ′ij(x,y)(σjx − σjy) +
d∑
i,j=1
∑
x∈Λ
σixσ
j
x
∑
y
W ′ij(x,y) (3.23)
Note that
∑
y W
′
ij(x,y) = e01 , so that
H ′Λ = −
1
2
3∑
i,j=1
∑
x,y∈Λ
(σix − σiy)W ′ij(x,y)(σjx − σjy) + e0|Λ| (3.24)
Let us now define:
Kβ,Λ(~h) = 〈exp
{β
2
d∑
i,j=1
∑
x,y∈Λ
(σix − σiy − hix + hiy)W ′ij(x,y)(σjx − σjy − hjx + hjy)
}
〉0,Λ (3.25)
for ~hx, x ∈ Λ, real vectors. The chessboard estimate (see Theorem 4.1 in [8]) shows that
Kβ,Λ(~h) ≤ Kβ,Λ(~0) = Kβ,Λ (Gaussian domination). This implies d2dλ2Kβ,Λ(λ~h)
∣∣
λ=0
≤ 0, that is
β〈
∣∣ d∑
i,j=1
∑
x,y∈Λ
(hix − hiy)W ′ij(x,y)(σjx − σjy)
∣∣2〉′β,Λ ≤ − d∑
i,j=1
∑
x,y∈Λ
(hix − hiy)∗W ′ij(x,y)(hjx − hjy)
(3.26)
where 〈·〉′β,Λ is the average with statistical weight Z−1β,Λe−βH
′
Λ . Note that (3.26) holds apriori
for real ~hx, but it extends to complex vectors [8]. In terms of the original spins, (3.26) reads
2β〈∣∣ d∑
i,j=1
∑
x,y∈Λ
hixWij(x−y)Sjy−e0
∑
x∈Λ
~hx·~Sx
∣∣2〉β,Λ ≤ d∑
i,j=1
∑
x,y∈Λ
(hix)
∗Wij(x−y)hjy−e0
∑
x∈Λ
|~hx|2
(3.27)
for some new vectors ~hx (that we are denoting by the same symbol for simplicity). Let p ∈
DL ≡ { 2π2Lm , 0 ≤ m1,m2,m3 < 2L} and let Wˆij(p) =
∑
x∈Λ e
ipxWij(x) denote the Fourier
transform of W (x). We shall also define
Sˆip =
1
|Λ|1/2
∑
x∈Λ
eipxSix , Qij(p) = 〈SˆipSˆjp〉β,Λ . (3.28)
Given p such that Wˆ 0(p) ≡ Wˆ (p) − e0 ≥ 0 as a matrix and choosing ~hx = |Λ|−1/2e−ipx~v in
(3.27), we get:
0 ≤ Wˆ 0(p)Q(p) Wˆ 0(p) ≤ 1
2β
Wˆ 0(p) , (3.29)
6in the sense of an inequality between non-negative matrices. If, moreover, Wˆ 0(p) > 0, then
0 ≤ Q(p) ≤ 1
2β
Wˆ 0(p)−1 . (3.30)
Eq.(3.29)-(3.30) are the key bounds. In order to make use of them, we need to study some
properties of Wˆ 0(p), in particular we need to: (i) show that Wˆ 0 ≥ 0; (ii) determine the set
S of momenta where Wˆ 0(p) has a vanishing eigenvalue; (iii) determine the behavior of its
eigenvalues close to the zeros. Property (i) was prover in [10] (we shall reproduce the proof
below). Moreover, in [10] it was conjectured (see Conjecture 7.9 in [10]) that, if πℓ is the vector
with components
(
πℓ
)j
= π(1 − δℓ,j), then S = {π(ℓ) : ℓ = 1, . . . , d} and the eigenvalue λℓ(p)
vanishing at πℓ, satisfies λℓ(p) ≥ c|p− πℓ|2 close to πℓ, for some c > 0. Our next goal will be
to prove this conjecture.
Let us start with showing that Wˆ 0(p) ≥ 0, for all p’s. This is equivalent to the claim that,
for any ~v ∈ Rd and for ~hx = eipx~v,
d∑
i,j=1
∑
x,y∈Λ
(hix)
∗W 0ij(x− y)hjy ≥ 0 . (3.31)
By the chessboard estimate, the left hand side of (3.31) is bounded below by
|Λ|−1∑x0∈Λ(HΛ(Hx0) − e0|~v|2), where the spin at x in the configuration Hx0 is given by
(−1)x(−1)xihix0 , i = 1, . . . , d. Now note that HΛ(Hx0) = e0, so the proof of (3.31) is con-
cluded. Note that if p ∈ S then Wˆ 0(p) = 0. We now want to get a more refined bound from
below on Wˆ 0(p). In order to do this, we use the assumption that L is even (so that the side of
Λ is divisible by 4) and we repeatedly reflect the left hand side of (3.31) in planes π1 bisecting
the horizontal bonds of the form {(2m− 1,x⊥), (2m,x⊥)}. Finally we repeatedly reflect in all
possible planes π2, . . . , πd. The result is a bound from below of the form:
d∑
i,j=1
viWˆ 0ij(p)v
j ≥ 1|Λ|
d∑
i,j=1
∑
x,y∈Λ
(uix)
∗Wij(x− y)ujy − e0|~v|2 , (3.32)
with
u1x = e
i
p1
2
f1(x1)(−1)x+x1 v1 ,
uix = e
i
p1
2
f1(x1)(−1)x+x1+xif0(x1)vi , i > 1 , (3.33)
where:
f0(x) =


1 if x = 4k
1 if x = 4k + 1
−1 if x = 4k + 2
−1 if x = 4k + 3
, f1(x) = f0(x − 1) (3.34)
and k ∈ Z. Given a lattice function g(x) of a single variable with period 4, we shall write
g(x) = {g(0), g(1), g(2), g(3)}. Note that with this convention f0(x) = {1, 1,−1,−1} and
f1(x) = {−1, 1, 1,−1}.
We now turn to the computation of the r.h.s. of (3.32). First of all, note that∑
x,y∈Λ(u
i
x)
∗Wij(x−y)ujy = 0 if i 6= j. This is because the double summation can be rewritten
in the form
∑
x∈Λ
∑
y∈Zd\x Fij(x,x−y), for some function Fij(x,x−y) that is odd in (x2−y2)
and/or in (x3 − y3), . . . , (xd − yd), depending on the specific matrix element. Let us consider∑
x,y∈Λ(u
1
x)
∗W11(x− y)u1y. This double summation is equal to
v21
∑
x∈Λ
∑
y∈Zd\x
e−i
p1
2
(f1(x1)−f1(y1))(−1)x−y+(x1−y1)(−∂21)YεΛ(x− y) (3.35)
A computation shows that f1(x)− f1(y) = f1(x)[1 − g0(x− y)] + f0(x)g1(x− y), with g0(x) =
{1, 0,−1, 0} and g1(x) = g0(x− 1). Then we can rewrite (3.35) as
v21
∑
x∈Λ
∑
y∈Zd\x
e−i
p1
2
{
f1(x1)[1−g0(x1−y1)]+f0(x1)g1(x1−y1)
}
(−1)x−y+(x1−y1)(−∂21)YεΛ(x−y) (3.36)
7Performing the summation over x yields
v21 |Λ|
∑
x 6=0
cos
(p1
2
(1− g0(x1))
)
cos
(p1
2
g1(x1)
)
(−1)x+x1(−∂21)YεΛ(x) =
= v21 |Λ|
[
e0 − sin2 p1
2
∑
x 6=0
(1− g0(x1))(−1)x+x1(−∂21)YεΛ(x)
]
(3.37)
The conclusion is
1
|Λ|
∑
x,y∈Λ
(u1x)
∗W 011(x− y)u1y = α sin2
p1
2
(3.38)
where α =
∑
x 6=0(1 − g0(x1))(−1)x+x1∂21YεΛ(x). We will show in Appendix A that α > 0. Let
us now consider
∑
x,y∈Λ(u
2
x)
∗W22(x− y)u2y. This double summation is equal to
v22
∑
x∈Λ
∑
y∈Zd\x
e−i
p1
2
(f1(x1)−f1(y1))f0(x1)f0(y1)(−1)(x3−y3)+···+(xd−yd)(−∂22)YεΛ(x− y) (3.39)
Using that f1(x)f1(y) = g0(x−y)+(−1)xg1(x−y) and f0(x)f0(y) = g0(x−y)−(−1)xg1(x−y),
we can rewrite this as:
v22
∑
x∈Λ
∑
y∈Zd\x
e−i
p1
2
{
f1(x1)[1−g0(x1−y1)]+f0(x1)g1(x1−y1)
}[
g0(x1 − y1)− (−1)x1g1(x1 − y1)
] ·
·(−1)(x3−y3)+···+(xd−yd)(−∂22)YεΛ(x− y) (3.40)
Performing summation over x yields
v22 |Λ|
∑
x 6=0
[
g0(x1) cos
(p1
2
(1− g0(x1))
)
cos
(p1
2
g1(x1)
)
− (3.41)
−g1(x1) sin
(p1
2
(1− g0(x1))
)
sin
(p1
2
g1(x1)
)]
(−1)x3+···+xd(−∂22)YεΛ(x)
This can be rewritten as
v22 |Λ|
[
e0 − cos2 p1
2
∑
x 6=0
(1− g0(x1))(−1)x+x2(−∂22)YεΛ(x)
]
(3.42)
The conclusion is
1
|Λ|
∑
x,y∈Λ
(u2x)
∗W 022(x− y)u2y = γ cos2
p1
2
(3.43)
where γ =
∑
x 6=0(1 − g0(x1))(−1)x+x2∂22YεΛ(x). We will show in Appendix A that γ > 0.
Finally (3.43) is valid even if in the l.h.s we exchange the index 2 with j ≥ 3. Substituting all
this into (3.32) yields:
Wˆ 0(p) ≥


α sin2 p12 0 0 0
0 γ cos2 p12 0 0
0 0
. . . 0
0 0 0 γ cos2 p12

 . (3.44)
By interchanging the roles of p1, . . . , pd we finally get
Wˆ 0(p) ≥ Y (p) , Yij(p) = 1
d
δij
(
α sin2
pi
2
+ γ
∑
l 6=i
cos2
pl
2
)
(3.45)
8This bound proves Conjecture 7.9 in [10].
Now, the proof of existence of long range order, given the bounds (3.30) and (3.45), is
standard. We reproduce it here, for completeness. Given ℓ ∈ {1, . . . , d}, we note that, by the
rotation symmetry of 〈·〉β,Λ,
1
|Λ|
∑
p
〈SˆℓpSˆℓ−p〉β,Λ =
1
d
. (3.46)
Therefore,
1
|Λ| 〈Sˆ
ℓ
piℓ
Sˆℓ−piℓ〉β,Λ =
1
d
− 1|Λ|
∑
p 6=piℓ
Qℓℓ(p) . (3.47)
Let us now consider the sum in the r.h.s. Note that, for any p 6∈ S, we can use (3.30) and
(3.45) to conclude that
Qℓℓ(p) ≤ d
2β
(
α sin2
pℓ
2
+ γ
∑
j 6=ℓ
cos2
pj
2
)−1
. (3.48)
On the other hand, for p = πm, m 6= ℓ, we can note that Wˆ 0ij(πm) = δij(1 − δim)(e1 − e0),
with e1 =
∑
x 6=0(−1)x+x2(−∂21)YεΛ(x) and e0 defined in (3.21). Using (3.45), we see that
e1 − e0 ≥ (α+ γ)/d. Therefore, if vi = δiℓ/(e1 − e0), we can use (3.29) to get∑
i,j
vi
[
Wˆ 0(πm)Q(πm) Wˆ
0(πm)
]
ij
vj = Qℓℓ(πm) ≤ 1
2β
1
e1 − e0 ≤
d
2β
1
α+ γ
(3.49)
and we conclude that (3.48) is valid for p = πm, m 6= ℓ, as well. Substituting (3.48) we get
1
|Λ| 〈Sˆ
ℓ
piℓ
Sˆℓ−piℓ〉β,Λ ≥
1
d
− d
2β|Λ|
∑
p 6=piℓ
1
α sin2 pℓ2 + γ
∑
j 6=ℓ cos
2 pj
2
. (3.50)
If we note that
〈Sˆℓ
piℓ
Sˆℓ−piℓ〉β,Λ =
1
|Λ|
∑
x,y∈Λ
〈σℓxσℓy〉β,Λ (3.51)
and take the thermodynamic limit in (3.50) we finally get (2.5), with
cd(β) = 1− d
2
2β
∫
[−π,π]d
dp
(2π)d
1
α sin2 pℓ2 + γ
∑
j 6=ℓ cos
2 pj
2
. (3.52)
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APPENDIX A: THE CONSTANTS α AND γ ARE POSITIVE
In this Appendix we show that the constants α and γ in (3.45), defined right after (3.38) and
(3.43) respectively, are positive. Let us first consider α =
∑
x 6=0(1− g0(x1))(−1)x+x1∂21YεΛ(x).
Note that 1 − g0(x1) is a non-negative even function of x1, vanishing at x1 = 0. Using (3.12)
we can rewrite
α =
1
(2π)d−1
∑
x1>0
x⊥∈Z
d−1
(1− g0(x1))
∫
dk⊥
√
k2⊥ + ε
2
Λ e
i[k⊥+π1]·x⊥e−x1
√
k2
⊥
+ε2
Λ , (A.1)
9where π1 is the (d − 1)-dimensional vector with components all equal to π. The summa-
tion over x⊥ can be explicitly computed and produces a (d − 1)-dimensional delta function
(2π)d−1
∑
m∈Zd−1 δ(k⊥ + π(2m+ 1)). So we find
α =
∑
x1>0
∑
m∈Zd
(1− g0(x1))
√
π2(2m+ 1)2 + ε2Λ e
−x1
√
π2(2m+1)2+ε2
Λ > 0 (A.2)
and the proof that α > 0 is concluded.
Similarly, let us consider γ =
∑
x 6=0(1 − g0(x1))(−1)x+x2∂22YεΛ(x). Note that (−1)x1(1 −
g0(x1)) is an even function of x1, vanishing at x1 = 0 with alternating signs. Using (3.12) we
can rewrite
γ =
1
(2π)d−1
∑
x1>0
x⊥∈Z
d−1
(−1)x1+1(1 − g0(x1))
∫
dk⊥√
k2⊥ + ε
2
Λ
k22e
ik2x2e−x1
√
k2
⊥
+ε2
Λ
∏
j≥3
ei(kj+π)xj
(A.3)
Performing the summation over x⊥ and using that (−1)x1+1(1−g0(x1)) = {0, 1,−2, 1}, we find
γ =
∑
m∈Zd−1
4π2m21√
π2(2m+ π1− eˆ1)2 + ε2Λ
cosh
√
π2(2m+ π1− eˆ1)2 + ε2Λ − 1
sinh 2
√
π2(2m+ π1− eˆ1)2 + ε2Λ
(A.4)
where eˆ1 = (1, 0, . . . , 0). The proof that γ > 0 is concluded.
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